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1 Individual contributions

The scripts for creating random and scale-free graphs were written and the simula-
tions with varying relative infectiousness and graph size performed by Marek Pechal.
The scripts for generating small-world graphs were written and the simulations with
varying infectiousness vector and mean degree of networks performed by Vincent
Jaquet. Otherwise, we have worked on the project together.

2 Introduction and Motivations

Epidemics have had a huge impact on human society throughout the history. For
example plague, Spanish flu or at the moment the HIN1 flu. Each epidemic has
a different way of spreading depending of course on the type of the disease and its
characteristics like its latency time and its infectiousness. But spreading also depends
on the structure of the network, i.e. connections between individuals. For instance,
spreading of the HIN1 flu to Europe would have been much slower just one century
ago when aviation was not yet a common way of transport. By using computer
simulations it should be possible to model such epidemic phenomena and to better
understand the role played by the different parameters. Such simulations can then
be used to study potential measures that can be taken to prevent or at least hinder
the epidemic from spreading.

In simple models, the rate of epidemic spreading is often represented by the so-
called basic reproduction number Ry which is the mean number of secondary cases
caused by a single infected individual. In general, R, varies a lot depending on the
geographical location (particularly on people’s life style), the season, the density
of population and other parameters. In this project, we try to develop a simple
epidemic model in graphs (implemented in MATLAB) which also takes into account
the network structure and several other parameters. We believe that by using more
parameters, one could obtain a better match with real epidemic cases.

Four different types of network were used in our project to represent different
structures of connections between individuals: random, scale-free, small-world and
small-world with weighted edges. We have varied several free parameters of the
graphs and diseases to study their role in disease spreading, for example to find out
whether the speed of disease spreading and the number of affected individuals will
change. The size of the network has also been modified to determine how epidemics
in small networks relate to epidemics in large ones. Variations in infectiousness of the
disease have also been studied to see if there is some minimum value of this parameter
under which the epidemic does not spread and to determine what effects its changes
have on spreading of the disease. Then the latency period of the disease has been



varied in an attempt to observe differences between diseases with and without a
latency period. Finally, simulations for different mean degrees of the network have
been performed to determine its effect on characteristics of the epidemic.

3 Description of the Model

3.1 Modified SEIR model of an epidemic on a graph

For purposes of our simulation we have adopted the well-known SEIR epidemic model
which usually considers each individual as being in one of four discrete states —
susceptible, exposed, infected and resistant. Simply speaking, initially susceptible
individuals can become exposed after contact with infected ones (at least one of
whom needs to be introduced into the system at the very beginning to start the
epidemic). Exposed individuals cannot yet infect others but they eventually become
infected at which point they can spread the disease further. Finally after some time,
infected individuals become resistant, i.e. non-infectious and no longer susceptible
to the disease.

As opposed to simple models which describe the epidemic by differential equations
for the unknown numbers of individuals in each state as functions of time, we use
a graph-based model. Each individual is represented by a node in a graph whose
weighted edges correspond to social relations between different individuals. The
weights can then be thougt of as some quantifiers of their intensities (for example
expressing the amount of time that each pair of individuals spends together).

Similarly to the SEIR model, we use a discrete set of states in which the indi-
viduals can be. Furthermore, we replace the exposed and infected state by some
arbitrary number L of states I, (n = 1,..., L), each corresponding to one “stage” of
the disease. Each of these stages is characterised by a real parameter o, which we
call infectiousness and which determines the probability that an individual in that
stage infects another susceptible individual.

To allow better comparability of our results for different parameters of the model,
we always keep the infectiousness “normalized to one” (i.e. Zﬁzl a, = 1) and intro-
duce a real parameter k — which we call relative infectiousness — that multiplies all
values of a,, when calculating probabilities of transmission. This should in principle
allow us to compare results for epidemics of the same kind of disease but with varying
“severity” (I, fixed, k varied) or of qualitatively different diseases (e.g. differing in
length of their latent period, average duration etc.) which are approximately equally
contagious (k fixed, I,, varied).

The simulation itself consists of repeating the following update steps for all indi-
viduals:



1. Susceptible individual ¢ becomes infected (its state changes into I;) with prob-
ability given by the weighted sum of the infectiousness values of its infected
neighbours, i.e.

Pinfection(i) =K Z Wi As(5), (1)
J

where the sum is over all infected neighbours j of the individual 7, w;; is the
weight of the edge connecting i and j and s(j) is the number of the disease
stage in which individual j currently is.

2. Infected individual changes its state from I,, to [,,+; unless n = L in which case
it becomes resistant.

3. Resistant individual remains resistant.

The only stochastic step in our model is transmission of the disease. Once an
individual becomes infected, its further evolution is fully deterministic.

The relative infectiousness parameter s has a relatively simple interpretation in
the limit K — 0. The probability that an infected individual j infects its neighbour
1 before it reaches the resistant stage is equal to

L L
1-— H (1 — kow;j) =~ E RO Wi = KW;;.
n=1

n=1

Therefore if the weights of the edges are just 1 (if the two vertices are connected) or
0 (if they are disconnected) then x simply expresses the probability that the disease
will spread from one individual to its neighbour at some point in time.

3.2 Types of graphs used

We study the character of the simulated epidemic for several different types of graphs,
namely for random graphs, scale-free graphs created by preferential attachment as
described by Barabasi and Albert [1999], small-world graphs generated by an algo-
rithm proposed by Watts and Strogatz [1998] and a slight modification of these with
randomly weighted edges.

Random graphs can be used as a first approximation for networks about whose
structure is known nothing except for the number of vertices and edges. Such graphs
which have been first extensively studied by Erdos and Rényi can be generated in two
slightly different ways. One of them is connecting each pair of the N vertices by an
edge with a given probability p independently of other edges. The other possibility
is to place a given number k of edges in the graph such that every arrangement of
edges is equally probable. The first approach results in random graphs (sometimes



denoted by G(N,p)) with a random number of edges fluctuating around the mean

value Wp while the latter produces graphs with a fixed number of edges. Due

to the law of large numbers, the graphs G(N,p) and G(N, k) for k = Wp can
be expected to be similar in many aspects.

In our simulations we adopt the second method for generating random graphs
because the possibility of choosing the number of edges exactly allows better com-
parison of our results for different types of graphs.

However, typical real-world social networks possess additional structure that is
absent in general random graphs. For example, it seems quite natural that two
people are more likely to be socially connected if they have a common acquaintance
— a property called clustering which does not exist in random graphs where the
presence or absence of an edge connecting two given vertices is independent of the
rest of the graph and its structure. Another property shared by many naturally
occuring networks is that the degrees of their vertices are often distributed according
to a power law.

To better account for these properties, various models using other types of random
graphs with correlations between edges have been devised. One of them are the
so-called scale-free graphs generated by preferential attachment. The method for
creating such graphs proposed by Barabdsi and Albert [1999] is based on sequential
adding of vertices where each vertex is connected to a given number of previously
placed vertices with probabilities proportional to their degrees. This means that
highly connected vertices are more likely to be linked with newly added ones.

It has been demonstrated by Barabdsi and Albert [1999] that the algorithm out-
lined above produces graphs with power law distributed degrees of vertices. However,
it turns out that in some real-world networks the scaling invariance breaks down at
some point and there is a certain cutoff value of the degree above which the power
law description ceases to be valid. Amaral et al. [2000] argue that this cutoff may
be explained by “aging” of the vertices or their limited capacity to form connections
which is obviously a reasonable assumption for social networks. Therefore even a
scale-free graph cannot be the ultimate model of such networks.

Another kind of random graphs which have useful properties often observed in
real-world networks are the small-world graphs. Their name suggests that their di-
ameter (maximum distance separating two vertices in the graph) grows slowly with
increasing size of the graph. Specifically, the growth is only logarithmic — this is a
feature that these graphs share with random graphs. Yet unlike random graphs, they
are highly clustered and although random in nature, they have a certain underlying
topology — similarly to real social networks whose topology is naturally given by
geography (people are more likely to have a social connection if they live near each
other). On the other hand, small-world networks do not exhibit power law distribu-
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Figure 1: Examples of a random graph (a), a scale-free graph (b), a small-world graph
(c) and a weighted small-world graph (d) (weights are represented by line widths) with 50
nodes and 150 edges (corresponding to the mean degree 6.0).



tion of degrees. They can be created in a way described by Watts and Strogatz [1998]
by starting with some regular graph (e.g. a lattice ring) and randomly “rewiring” a
given fraction p of edges. The limiting cases p = 0 and p = 1 correspond to com-
pletely regular and completely random graphs, respectively. For some intermediate
values of p, the resulting graph has certain properties of a random graph (slowly
growing diameter) and other properties resembling a regular graph (high clustering).

4 Implementation

4.1 Generating graphs

In our implementation of the above desribed model we represented the graphs by
their adjacency matrices. Here we present the scripts for MATLAB that we used to
generate them.

4.1.1 Random graphs

1 function graph = create_graph_rnd(N,d);
2
3 graph = zeros(N,N);
4 for i = 1:(d*N/2)
5 j = floor(N*rand)+1;
6 k = floor(N*rand)+1;
7 while (j==k) || (graph(j,k)==1)
8 j = floor(N*rand)+1;
9 k = floor(N*rand)+1;
10 end;
11 graph(j,k)=1;
12 graph(k, j)=1;
13 end;
14 graph = sparse(graph);
We have used the short script shown above to generate random graphs with a
given number of vertices N and a given mean degree d. The NTd edges are placed

between randomly chosen pairs (7, k) of vertices. If a pair is chosen that is already
connected or if j = k then the selection step is repeated (lines 7-10). Finally, the
resulting adjacency matrix is stored as a sparse matrix to save memory (line 14).
This very simple algorithm is definitely not optimal because the same edge can be
chosen repeatedly. Especially if the required mean degree is close to the maximum

10



possible value N — 1, most tries at adding another edge will be unsuccessful and the
time efficiency of such algorithm will become extremely poor.

But since we are mainly interested in values of d which are considerably smaller
than N (we typically work with d/N < 0.1) it is very unlikely that the probabilistic
algorithm will take significantly more time than its deterministic counterpart which
would be comparatively more complicated to implement.

4.1.2 Scale-free graphs

To create scale-free graphs, the algorithm described by Barabési and Albert [1999]
was implemented in the following script. The input parameters are again the number
of vertices N and the mean degree d.

1 function graph = create_graph_sf(N,d)
2

3 graph = zeros(N,N);

4 placed = zeros(N,1);

5 for i = 1:(d+1)

6 for j = (i+1):(d+1)

7 graph(i,j) = 1;

8 graph(j,i) = 1;

9 end;

10 placed(i) = 1;

11 end;

12

13 for i = (d+2):N

14 for 1 = 1:(d/2)

15 prob = (graph*placed) .*placed.*(ones(N,1)-graph(:,i));
16 prob = prob/(ones(1,N)*prob);
17 s = rand;

18 m=1;

19 while (s>prob(m))

20 s = s-prob(m);

21 m = mt+l;

22 end;

23 graph(m,i) = 1;

24 graph(i,m) = 1;

25 end;

26 placed(i) = 1;

27 end;
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28 graph = sparse(graph);

First (lines 3-11) a complete subgraph with d+ 1 edges is created (to ensure that
the mean degree is equal to d throughout the whole process) together with an N-
dimensional vector placed which marks the already placed vertices (placed(i)==
if the vertex 7 has been already placed and placed(i)==0 otherwise).

Then in a loop over all remaining vertices (lines 13-27) each new vertex i is con-
nected to d/2 of the already placed (old) ones in the following way. First a vector
prob containing degrees of the old vertices is calculated (line 15). The multiplications
by placed ensure that edges connected to 7 are not counted and the element-wise
multiplication by ones(N,1)-graph(:,i) discards from the vector prob vertices al-
ready linked to i. Then the vector prob is normalized (line 16) to obtain probabilities
of connecting the newly added edge to the individual old vertices and one vertex is
drawn from this distribution (lines 17-22). This vertex is then linked with ¢ and
added to the vector placed.

One obvious disadvantage of this algorithm is that it is based on adding a constant
number of edges per one vertex which means that the mean degree of the resulting
graph can only be an even number. This situation could be remedied by varying
the number of edges added at each step. However, in our simulations we only use
even values of d and therefore the simple form of this algorithm presented here is
sufficient for our purposes. A way in which an algorithm can be modified to allow
for all values® of d is demonstrated in the next script.

4.1.3 Small-world graphs

The method presented by Watts and Strogatz [1998] is used to create a graph with
a given number of vertices N and a mean degree d. To gain time and because the
matrix is symmetric (i.e. if ¢ is connected to j, then j is also connected to i), the
building process is only done on one half of the matrix, the upper right side.

1 function graph = create_graph_sw(N,degree,p)
2
3 graph = sparse(zeros(N,N));
4 N_initial_edge=floor(floor(degree+.5)/2);
5 for i = 1:N
6 for link = 1:N_initial_edge
7 graph(i,mod(i+link-1,N)+1)=1;
8 end;
'That is to say all values of d consistent with the relation d = % where the number of vertices N and

the number of edges k are of course natural numbers.
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9 end;

10 k=floor(degree+.5)/2;

11 if (floor (k) <k)

12 for i =1:2:N

13 graph(i,mod(i+floor (k) ,N)+1)=1;
14 end;

15 end;

16 for i=1:N

17 for j=i+1:N

18 if (graph(i,j)==1 && rand()<p)
19 graph(i,j)=0;

20 a=floor (rand () *N)+1;

21 while(graph(a,i)==1 || graph(i,a)==1 || i==a)
22 a=floor (rand () *N)+1;

23 end;

24 if (i<a)

25 graph(i,a)=1;

26 else

27 graph(a,i)=1;

28 end;

29 end;

30 end;

31 end;

In this script we first calculate the number of edges corresponding to a mean
degree d' given by the natural number which is closest to the given value d. The
next step is to create a regular network with vertices arranged in a circle where
every vertex is connected to its d' closest neighbours (lines 3-15). More precisely,
each vertex is linked with the |d’'/2] following neighbours in the network. In this
way every vertex will in the end have 2|d’/2] connections (lines 3-9). If the mean
degree d’ is odd, every second vertex is then connected to its [d’'/2]*™® next neighbour
(lines 10-15).

Then in a loop over all edges, each edge is reconnected with a given probability
p (lines 16-31). One end of this edge is kept at its original position while the other
one is placed at a randomly chosen vertex. In our simulations we always set the
probability of reconnection to a fixed value 1/d because it seems that one random
connection per vertex is a good compromise to keep the effect of local clustering and
at the same time reach a small diameter of the network.
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In the second part of the script, some edges are added or removed to match the
required value of mean degree d if it is not a natural number, i.e. if d # d' (lines
32-61).

32 if degree<floor(degree+.5)

33 N_edge_removed=0;

34 N_edge_to_remove=floor ((floor (degree+.5)-degree)*N) ;
35 while(N_edge_to_remove>N_edge_removed)

36 for i=1:N

37 for j=i+1:N

38 if (N_edge_to_remove>N_edge_removed && graph(i,j)==1 &&
39 rand()<N_edge_to_remove/ (N_edge_per_verticex*N))
40 graph(i,j)=0;

41 N_edge_removed=N_edge_removed+2;

42 end;

43 end;

44 end;

45 end;

46 else

a7 N_edge_added=0;

48 N_edge_to_add=floor ((degree-floor(degree+.5))*N) ;

49 while(N_edge_to_add>N_edge_added)

50 for i=1:N

51 for j=i+1:N

52 if (N_edge_to_add>N_edge_added && graph(i,j)==0 &&
53 rand ()<N_edge_to_add/(N_edge_per_verticex*N))
54 graph(i,j)=1;

55 N_edge_added=N_edge_added+2;

56 end;

57 end;

58 end;

59 end;

60 end;

61 graph = graph+graph’;

4.1.4 Weighted small-world graphs

A slight modification of the previous algorithm was used to generate small-world
networks with weighted edges. We simply replace all the ones in the adjacency
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matrix by random numbers drawn from a uniform distribution between 0 and 2 (to
keep the mean value of each edge equal to one). Finally, the matrix is multiplied by
an appropriate factor so that the sum of weights of all edges is exactly equal to the
number of edges in the original unweighted graph.

1 function graph=weighted_edge_rnd(graph)
2

3 N_edge=0;

4 S_edge=0;

5 for i=1:length(graph)

6 for j=1+i:length(graph)

7 if (graph(i,j)==1)

8 graph(i, j)=rand;

9 graph(j,i)=graph(i,j);

10 S_edge=graph(i, j)+S_edge;
11 N_edge=N_edge+1;

12 end;

13 end;

14 end;

15 graph=(N_edge/S_edge) *graph;

4.2 Epidemic simulation

As we have already said, the graphs were represented by their N x N adjacency
matrices. The immediate states of the N individuals were stored in an N-dimensional
vector with each element having either the value 0 corresponding to the susceptible
state, —1 for the resistant state or one of the values 1,2, ..., L representing the L
infected states Iy, I, ..., Ir.

The following function epidemic_step takes as its parameters the state vector
old_states, the adjacency matrix graph, a vector disease containing the infec-
tiousness values aq, o, ...,y of the different stages of the disease and the value
of relative infectiousness x and returns the new state vector new_states after one
epidemic step described above in section 3.1.

function new_states =
epidemic_step(old_states, graph, disease, k);

infectiousness = zeros(length(old_states),1);
for individual = 1:length(old_states)
if (old_states(individual) > 0)

O WN -
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7 infectiousness(individual) = disease(old_states(individual));
8 end;

9 end;

10

11 prob = (graph*infectiousness)x*k;

12 for individual = 1:length(old_states)

13 if (old_states(individual) > 0)

14 if (old_states(individual) == length(disease))
15 new_states(individual) = -1;

16 else

17 new_states(individual) = old_states(individual) + 1;
18 end;

19 else

20 if (old_states(individual) == 0)

21 if (rand<prob(individual))

22 new_states(individual) = 1;

23 else

24 new_states(individual) = 0;

25 end;

26 else

27 new_states(individual) = -1;

28 end;

29 end;

30 end;

First an N-dimensional vector infectiousness is created whose elements are
either 0 for non-infected individuals or equal to the value ay(;) of the infectiousness
corresponding to the disease stage s(j) in which the particular individual is. Then the
probabilities of infection for each individual are calculated according to the relation
(1) and stored in a vector prob (line 11).

Afterwards, infected individuals are evolved deterministically either to the next
stage of the disease (line 17) or — if they have already reached the last stage — to the
resistant state (line 15). Susceptible individuals are infected with probabilities given
by the vector prob (lines 21-25) and resistant individuals remain resistant (lines
26-28).

The whole epidemic was then simulated using the script epidemic whose pa-
rameters are the vector initstates of initial states, the adjacency matrix graph,
the infectiousness vector disease and the relative infectiousness x. The function
returns an n x 3 matrix where n is the total number of steps before the epidemic
ended. FEach row of the matrix contains the number of susceptible, infected and
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resistant individuals at the corresponding time step.

1 function history = epidemic(initstates,graph,disease,k);
2

3 states = initstates;

4 count = sir(states);

5 history = count;

6 while (count(2)>0)

7 states = epidemic_step(states,graph,disease,k);

8 count = sir(states);

9 history(length(history(:,1))+1,:) = count;

10 end;

The script repeatedly calls the function epidemic_step, keeps updating the state
vector states (which has been set to initstates at the beginning), counting the
numbers of susceptible, infected and resistant individuals and storing them in the
matrix history (lines 6-10). The loop ends when the number of infected people
drops to 0.

The following simple script was used to count the numbers of individuals in the
three states S, I and R:

1 function sir = sir(states);
2

3 sir = zeros(1,3);

4 for individual = 1:length(states)
5 switch states(individual)
6 case -1

7 sir(3) = sir(3)+1;

8 case 0O

9 sir(1) = sir(1)+1;

10 otherwise

11 sir(2) = sir(2)+1;

12 end;

13 end;

It takes the state vector states as a parameter and returns a 3-dimensional row
vector consisting of the counts S, I and R, respectively.
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5 Simulation Results and Discussion

5.1 Parameters of the simulations

Our model allows us to change several free parameters of the system and study
the influence of these changes on the epidemic. For a given type of network these
parameters are: the size IV of the graph, the mean degree d of its vertices, the disease
infectiousness vector (a,...,ar) and the relative infectiousness k.

To avoid ending up with too much data which would be quite difficult to present
here in a reasonable and logical way, we decided to choose one “default” set of these
parameters and always change only one of them at a time, observing any effects on
the character of the epidemic.

These parameters are:

e graph size: N = 400

e mean degree: d = 6.0

e infectiousness vector: (0.000,0.000,0.025,0.075,0.175,0.225, 0.250, 0.250)
e relative infectiousness: kK = 0.5

The chosen values are not entirely arbitrary. The graph size N = 400 is small
enough to allow reasonably fast simulations while at the same time (in our opinion)
being sufficiently large to offer good statistics and to virtually exclude potential
major deviations from the “typical” structure of the particular type of graph which
could possibly occur for smaller N. The mean degree d = 6.0 is based on our
rough estimate of the number of strong social ties that an average person might
have. The time dependence of the infectiousness should describe a disease with a
moderately long incubation period, gradual onset and sudden stop. The relative
infectiousness k = 0.5 was chosen based on results of several preliminary simulations
which suggested that this value lies in an interesting region of the parameter space
where the epidemic is neither too weak so that it “dies out” before spreading over a
significant portion of the network, neither is it too strong so that it spreads almost
deterministically.

Finally, let us remark that the initial state vector, indicating which individuals are
infected at the beginning of the epidemic, could be also regarded as a free parameter
of the system. However, for the sake of simplicity we have decided to leave it out
of our consideration by choosing the initial population to always contain only one
randomly chosen infected individual (in the state I7).
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5.2 Evolution of individual epidemics

Before moving on to experimenting with varying parameters of the epidemic, we de-
cided to first inspect the character of individual epidemics in order to gain confidence
with our program.

We simulated an epidemic spreading in a random graph and a scale-free graph
with 50 vertices and displayed? the color-encoded states of the individuals at several
chosen times. The results of the simulation are shown in figure 2.

Our next goal was to look at the time dependence of the numbers of susceptible,
infected and resistant individuals and to see how much individual epidemics differ
from each other. To this end, we simulated 20 epidemics in the same two graphs as
before and displayed the resulting time dependences in two plots in figure 3.

Although both figures 2 and 3 suggest that there might be some difference be-
tween epidemics in structurally different networks (for example that epidemics spread
slightly faster in free-scale networks than in random ones), they are not very suitable
for a closer analysis of this difference. Despite being quite illustrative and possibly
helpful for a crude assessment of basic features of the epidemic, it is rather difficult
to extract any quantitative results from them. One of the reasons is that they display
too much information about the individual epidemics whereas we would like to draw
conclusions about epidemics in the four types of networks in general.

Obviously, it is necessary to evaluate properties of the epidemics statistically and
possibly reduce the amount of information used to describe them. Therefore we have
further focused on two specific parameters of the epidemics — the fraction of affected
individuals (i.e. individuals who are resistant in the end) and the time extent of the
epidemic. Rather than simply by the number of steps between the start and the
end of the epidemic, we characterize the time extent by a quantity which we call
the epidemic time scale and define it as the average of time weighted by numbers of

infected people, i.e.
Zt tNI(t)

SN 2
where the sum is over different values of the discrete time ¢ and N;(t) denotes the
number of infected people at time . One can also think about this quantity as the
horizontal coordinate of the centre of mass of the area below the graph N;(¢) (the
red curves in figure 3).

Before proceeding to study the epidemics statistically, we decided to check whether
it is justifiable to use only one pre-generated graph of each kind instead of generating
a new one for each simulation. In other words, we wanted to see if there are major

2using the open source graph visualization package Graphviz
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Figure 2: Example of an epidemic spreading in a random (a) and a scale-free (b) graph
with 50 vertices and a mean degree 6.0. States of the individuals for several values of

the discrete time ¢ are represented by colors of the vertices — black corresponding to the
susceptible, red to the infected and green to the resistant state.
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Figure 3: Time dependence of the numbers of susceptible (green), infected (red) and resis-
tant (blue) individuals during an epidemic in a random graph (a) and a scale-free graph

(b).

differences in the epidemic parameters for two randomly generated graphs of the
same kind.

To this end, we generated 100 different small-world graphs (we only did this
procedure for this one type of graph and assumed that the results are not much
different for the other types), ran 1000 simulations in each of them, then averaged
the time dependences of numbers of susceptible, infected and resistant individuals
over these simulations and calculated means and standard deviations of these average
values for the different graphs. Figure 4 show the resulting confidence intervals.

Since the standard deviations are relatively small, we conclude that the differences
between individual graphs will not substantially affect the statistical properties of
epidemic parameters and that it is therefore quite safe to use just a single set of
pre-generated graphs in order to save computer time.

5.3 Dependence on the relative infectiousness

In an attempt to study how the value of the relative infectiousness affects the two
epidemic parameters of interest, we ran 1000 simulations with values of x randomly
sampled from a uniform distribution between 0.0 and 2.0 and then displayed the
individual epidemics in plots of the epidemic time scale and fraction of affected
individuals against x which are shown in figure 5.

The data in figure ba quite clearly confirm our initial suspicion that epidemics
in scale-free networks spread slightly faster than in random ones. We should point
out that the situation is exactly opposite for small-world networks in which the
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Figure 4: Mean values and standard deviations of averaged (over 1000 simulations) time de-
pendences of the numbers of susceptible, infected and resistant individuals for 100 different
randomly generated small-world graphs.
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Figure 5: Parameters of the epidemics (the epidemic time scale (a) and fraction of affected
individuals (b)) for different values of the relative infectiousness s in the four types of
networks (random — red, scale-free — green, small-world — blue, weighted small-world —
magenta).
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epidemics spread slower. Although we could have expected this as small-world graphs
are esentially combinations of regular and random graphs (which means that their
diameter and consequently the epidemic time scale should be higher than for random
graphs) we think it is important to emphasize this difference.

One might be tempted to think that since random graphs are such a poor approx-
imation of real-world networks, replacing them with either small-world or scale-free
networks should automatically mean an improvement. In fact, the simulation shows
that this need not be the case — at least when one is interested in the speed of
epidemic spreading. If simulations with random graphs underestimate duration of
epidemics then a model with scale-free networks would be even worse. In that case it
would probably be favourable to use small-world networks. Conversely if a random
graph model overestimates the real epidemic time scale then so does a small-world
model which means that one should rather choose scale-free networks.

Nevertheless, without comparing the simulation results with some real world data,
we cannot really decide which of the two models is likely to perform better in com-
parison with the random graph model.

Another interesting results of our simulations can be seen in figure 5b. One of
them is that although the differences between the four types of graphs are not as
striking as in figure ba, the number of individuals affected by an epidemic in a scale-
free network appears to be smaller than in other types of networks for higher values
of k but larger when k gets low enough (i.e. approximately £ < 0.25). This finding
is also closely related to the other noteworthy feature — there seems to be a small
but non-zero value of x under which the disease is very unlikely to spread. On the
other hand, when x rises above this threshold value, the average fraction of affected
individuals starts to increase quite rapidly.

To further investigate this phenomenon, we performed the same kind of simulation
but this time we sampled the values of xk only from a region of interest between 0.0
and 0.4. The resulting plot of the fraction of affected individuals is displayed in
figure 6.

Looking at this plot, we can very roughly estimate the critical values of k to be

random 0.15 < Kt < 0.20
scale-free 0.05 < Kgit < 0.10
small-world 0.20 < Kerit < 0.25
weighted small-world | 0.25 < K < 0.30

The observed value near 0.20 for random graphs can be explained theoretically by
the following argument. Let us suppose that we have an infinite random graph with
a mean degree d. The first infected individual has on average d neighbours, each of
whom will be infected with probability x (assuming that x < 1). This implies that
the mean number of infected individuals in the second generation is xd. However,
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Figure 6: Fraction of affected individuals for different values of the relative infectiousness &
sampled from the region of interest around x = 0.2 in the four types of networks (random
— red, scale-free — green, small-world — blue, weighted small-world — magenta).

the situation is slightly different with the subsequently infected individuals because
they only have d — 1 neighbours that they can infect. In an infinite random graph
the probability that two infected individuals have a common susceptible neighbour
is zero. The mean number of infected individuals in the £*" generation is therefore

rd[k(d — 1)]F2.

This sequence diverges if k > ﬁ and goes to 0 if kK < ﬁ. Hence the critical value
Kerit = ﬁ separates the regime in which the epidemic dies out from that where the
number of infected individuals diverges. Specifically, for our default value d = 6.0
we get exactly Kee = 0.2.

For other types of networks, the clustering comes into play. It decreases the effec-
tive number of neigbours available for infection because some of them are common
to more than one infected individual. On the other hand, if a susceptible individual
has multiple infected neighbours, it increases the probability of disease transmission.
It is not immediately obvious which of these effects will be stronger in which type of
network. The simulations show that a scale-free graph is a more “epidemic-friendly”
environment than the other three types of networks — the epidemic can spread in it
at lower values of .

It is apparent that even in this aspect epidemics in scale-free and small-world
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networks deviate from epidemics in random graphs in exactly opposite ways — the
former being more and the latter less “viable”. Also this difference must surely be
taken into account when deciding which type of network is better suited for real-world
simulations.

5.4 Dependence on network size

We have also studied how the duration of the epidemic scales with increasing size
of the graph. For this we used graphs of all four types with 50, 100, 200, 400, 800
and 1600 vertices and performed 100 simulations on each of them. Our results are
presented in figure 7 in the form of a plot of the epidemic time scale defined in (2)
against the number of vertices.

The plots seem to indicate logarithmic dependence between the number of vertices
and the average epidemic time scale. This result is not very surprising since such
logarithmic behaviour is also exhibited by the diameter of a random graph. To
compare the results for different types of graphs, we combined the mean values from
the previous four plots in figure 8 and displayed the logarithmic functions fitted
through the data.

The logarithmic dependence seems to describe the observed results quite reason-
ably — the only notable deviation being the drop-off at N = 1600 for the weighted
small-world network.

There seem to be a relatively big difference in slopes of the fitted functions for
different types of networks (except for the two kinds of small-world networks which
gave us similar results). This means that the difference in epidemic time scales can
become quite significant for large networks. Once again, we see that the choice of
network type for realistic epidemic simulations is most likely a non-trivial matter.

5.5 Dependence on the infectiousness vector

The next parameter we decided to investigate was the infectiousness vector. Apart
from the default value (0.000, 0.000, 0.025,0.075,0.175, 0.225, 0.250, 0.250) correspond-
ing to a disease with a short latency time, gradual onset and sudden stop, we also
considered two other vectors: (0.25,0.25,0.25,0.25) for a disease with no latency
time and (0.00, ...,0.00,0.25,0.25,0.25,0.25) (with eight zero entries in a row) rep-
resenting a disease with a long latency time.

The results we got for epidemic time scales are very similar to those described
above, i.e. they are on average shortest for scale-free networks and longest for small-
world graphs. Changing the latency time basically only decreases or increases the
average epidemic time scale (which was quite expectable) but keeps the relations
between results for different network types. Therefore we do not show the plots here.
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Figure 7: Epidemic timescales for different network sizes. An epidemic was simulated 100
times on each of the four types of networks with 50, 100, 200, 400, 800 and 1600 vertices
and the characteristic time scale of each epidemic was measured. The points correspond to
individual epidemics on a random (a), scale-free (b), small-world (¢) and weighted small-
world (d) graphs. The plots also show calculated mean values and their uncertainties. Note
the difference in scales between plots (a), (b) and (c), (d).
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Figure 8: Plot of the mean epidemic time scale as a function of the network size for all
four types of networks combined from figure 7. The plot also shows logarithmic functions
fitted to the data.

Slightly more interesting results were obtained for numbers of affected individuals.
Figure 9 shows histograms of this quantity for 1000 simulations in all four types of
networks.

These histograms show that the form of the infectiousness vector almost does not
influence the number of individuals affected by the epidemic. Although this may
look like a negative result, it tells us that introducing relative infectiousness as one
of the key parameters of the model was probably a good step because — as we now
see — fraction of affected individuals turns out to be an epidemic parameter which
almost does not depend on the infectiousness vector (assuming that it is normalized
to one) but only on the relative infectiousness.

5.6 Dependence on the mean degree of the network

The last parameter of the network that we varied in our simulations was the mean
degree. We ran 1000 simulations in each of the four types of networks with mean
degrees equal to 4, 6, 8 and 12. Figure 10 shows histograms of numbers of affected
individuals obtained by the simulations.

The overall dependence which is visible in the figure is quite natural. Lower mean
degree means lower “connectedness” of the graph and consequently fewer affected
individuals. However, it is interesting to look at the results for small-world graphs.
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Figure 9: Histograms of numbers of affected individuals for different forms of the infec-
tiousness vector — the default one (in blue), one with long latency time (in green) and
one with no latency time (in red). The data were obtained by running 1000 simulations
for each of the four types of networks — random (a), scale-free (b), small-world (c¢) and
weighted small-world (d).
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Figure 10: Histograms of numbers of affected individuals for four different values of the
mean degree — 4 (dark blue), 6 (light blue), 8 (yellow) and 12 (red). 1000 epidemics were
simulated on each of the four types of networks — random (a), scale-free (b), small-world
(c) and weighted small-world (d).
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It seems that spreading of the epidemic is somehow inhibited for the lowest value
d = 4. This is a feature that cannot be seen in the other two types of graphs.
The number of affected individuals has an unusually high variance and a significant
fraction of epidemics fail to spread — a fact demonstrated by the pronounced peak
near the zero value. We think that this is really remarkable because for higher values
of d the histograms look quite similar to those for the other types of networks and
the spreading almost does not seem to be disrupted at all.

This is probably the strongest structure-dependent effect we have observed in
our simulations and it confirms that there indeed are certain values of parameters
of the model at which the network structure plays a crucial role in determining the
character of spreading of the epidemic.

6 Summary and Outlook

We have used MATLAB to implement a simple model of epidemics spreading in
networks described by arbitrary graphs. We have then performed simulations to
study how certain characteristics of the epidemics depend on the structure of the
network and several parameters of our model. The four types of networks used
in this project are: random networks, scale-free networks (generated according to
Barabasi and Albert [1999]), unweighted and weighted small-world networks (the
former type described by Watts and Strogatz [1998], the latter being our own minor
modification of the former).

Our results show that although the studied dependences are usually qualitatively
similar for all four types of networks, there are certain notable quantitative differ-
ences. For example the threshold value of infectiousness at which a disease starts
spreading depends on the type of network even if the mean degree of all networks
is the same. It is smallest for scale-free graphs, higher for random graphs followed
by unweighted small-world and highest for weighted small-world graphs. The same
ordering seems to apply for the average time extent of epidemics and for the rate at
which this time extent grows with increasing network size.

All four studied types of networks exhibit the small-world property in the sense
that the epidemic time extent grows only logarithmically with the number of vertices.

As could have been expected, the relatively smallest differences in the studied pa-
rameters have been found between the two types of small-world networks. This sug-
gests that epidemic parameters are fairly robust against replacement of unweighted
edges by weighted ones with mean weight equal to one.

Also, we have observed certain qualitative differences between epidemics in small-
world networks and the remaining two types of graphs for low values of the mean
degree. Namely, the ability of the disease to spread in small-world networks seems
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to be significantly inhibited in comparison with the other networks as well as with
the situation at higher mean degree.

What we believe to be one of the most important results of our simulations is that
in most aspects epidemics in the two more complicated classes of graphs — scale-free
and small-world — deviate from epidemics in simple random networks in opposite
ways (e.g. the former spread faster and have lower infectiousness threshold while the
situation is exactly opposite for the latter). This finding demonstrates that these two
types of networks certainly are not equally suitable replacements for random graphs
in epidemic models. To decide which class of networks yields more realistic results,
one would need to carefully compare the simulations output with data on real-world
epidemics.

It would also be beneficial to run simulations with other types of small-world
networks. For instance, an interesting class of deterministically generated networks
has been described by Comellas and Sampels [2002]. In principle, it is generated by
iteratively replacing vertices of a graph with regular subgraphs. An interesting prop-
erty of this algorithm is that it allows creating small-world graphs with a prescribed
degree distribution. This means that networks could theoretically be generated that
combine the small-world property with power law degree distribution characteristic
for scale-free graphs. Also, parameters of such network could be adjusted to match
real social networks as closely as possible.

Another interesting possibility for further work on this topic could in our opinion
be simulations in lattice-based small-world networks. A big advantage of small-
world graphs is that they have a well-defined regular underlying structure. This
means that in principle one does not need to store the full adjacency matrix but only
information about reconnected edges. As a result, epidemics could be simulated in
large networks using a cellular automaton model with connections between nearest
neighbours in the lattice and few “long distance” edges which could be either fixed
or simply randomly generated at each step. Such model would include both local
spreading of the epidemic as well as transfer over longer distances mediated by traffic.

Availability of realistic and accurate epidemic models is undeniably important
for our better undestanding of epidemics and the way they spread. The possibility
of inexpensive experimenting with parameters of the model is essential for develop-
ment of efficient defence strategies against contagious diseases. Therefore we believe
that epidemic modelling is a perspective field which will further evolve but this will
surely require extensive collaboration with social sciences which could provide better
understanding of the large-scale structure of human social networks.
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