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2. Introduction and Motivations

Networks are ubiquitous. We see many networks in our everyday life of various forms
spanning from computer networks to biological networks and social networks. Further-
more, we ourselves are actually part of these networks. Understanding them is crucial to
understand scientific or social phenomena surrounding us. Investigating networks itself is
very interesting, and gives us better understanding of networks themselves, mechanisms
behind them, and the systems relying on them.

It is particularly useful to look inside in detail at social networks we belong to, one of
which is the friendship or friendly association network we will try to examine in this pa-
per. As for many other network, the social networks have been studies for long time, their
interesting characteristics have also been investigated, and a variety of models of such
networks have been proposed. Researchers have been studying networks prevailing in the
real world, trying to explain them with empirical methods as well as mathematical mod-
els. There have been proposed many models to explain those networks, and many of them
have been successful at reproducing empirical measurements of networks in the real
world.

Due to the emergence of large networks such as the World Wide Web, and the availability
of computing power enough to analyze those large scale networks, researchers have great
chances to study the structure or characteristics of various types of networks by perform-
ing large scale computer simulations. Thus, it is natural that we here aim to develop so-
phisticated models which can effectively reproduce empirical networks, and also be effi-
ciently simulated by computers in order to investigate various structural characteristics of
the real world networks through those models.

Decades ago, Coleman studied the friendship network, and collected large amount of data
about those networks comprising boys and girls networks from nine high schools [Cole-
man 1959, 1961]. As we mentioned, we now try to analyze the structure of these large em-
pirical networks, build a model being able to reproduce the characteristics of the net-
works, and simulate it on computers. We analyze this model by measuring crucial proper-
ties to describe various aspects of the networks, and comparing the properties of the simu-
lated networks with those of the empirical ones.

Among many models which have been proposed to explain friendship networks, we em-
ploy an actor based dynamic model proposed by Whitmeyer [Whitmeyer 2002, Whit-
neyer and Yeingst 2006]. We carefully implement the dynamic model and simulate with
range of parameters to best mimic the Coleman’s friendship networks. Then, we analyze
the simulated network by extracting many important properties, which are well described
by Newman [Newman 2002, 2003].

We implement all the model and analysis methods using MATLAB, and provide in this
paper all the implementation, which will be publicly available later.



3. Description of the Model

As mentioned above, Whitmeyer’s model [Whitmeyer 2002, Whitmeyer and Yeingst 2006]
was employed to simulate Coleman networks [Coleman 1959, 1961]. It assumes an dy-
namic actor model and provides the description about the simulation framework.

Here, friendship or friendly association is conceptualized as a current, non-trivial condi-
tion potentially measurable as time spent in socio-emotional interaction [Whitmeyer
2002]. It is also actualized as the question used in Coleman’s questionnaire asking network
members’ friendly associates—“What girls (fellows) here in school do you go around with
most often?” [Coleman 1961] It assumes a dynamic model based on the fact that the
friendship is inherently changing, and the network as a whole is continually in flux. The
dynamic model consists of an actor model and a process model. The actor model, or a
model of the entities making up these networks, is embedded within the process model, or
a model of the interaction process.

3.1. Actor Model

The actor model assumes several characteristics of the friendship between network enti-
ties, which we describe below.

3.1.1. Limited Capacity

Network members have a limited capacity for friendship. We model the friendship as time
spent to form and maintain it, and the amount of time is represented as a friendship
strength. In this sense, one can understand the limited capacity of friendship as the fol-
lowing; each member in the network has a fixed amount of time he or she is willing to
spend to form a new friendship or maintain existing friendship.

3.1.2. Transitivity (Clustering)

Many networks show a structural property of transitivity or clustering, which means if
node A is connected to node B and node B to node C, then there is a higher probability
that node A will also be connected to node C. In the language of social networks, two
people are more likely to be friends if they have friends in common. This is also supported
by the empirical fact that network members show a preference for balance in their rela-
tionship. Such friendships are probabilistic and not obligatory, and thus they are distin-
guished from more fundamental friendship. This subsidiary friendship is termed secon-
dary friendship, while more fundamental one is termed primary friendship. In the model,
they are distinguished and implemented differently, such that the secondary friendship
does not produce other secondary friendships.



3.1.3. Homophily Bias (Assortativity)

Another preference for balance is homophily, or more generally assortativity, which is a
preference for similar others as friends. Here in this model, we assume two types of ho-
mophily biases. The first is a bias toward same grade friends, and the second is a more
general homophily bias modeling a preference for unspecified similarity.

3.1.4. Fickleness (Risk Attitude)

People often want to make new friendships, and weaken old friendships to add new ones.
They do due to a preference for novelty, an advantage new friendship may offer, or any
sort of expectation for a new friendship. This characteristic is modeled as fickleness in our
model. Due to the limited friendship capacity, adding new friendship needs weakening

existing friendships. This models risk taking nature of the formation of new friendships.
Thus, risk-seeking people are more likely to have new friendships, dropping their old
friendships, but for risk-averse people, this mechanism actually inhibit the process of this
friendship replacement. The loss of friendship is modeled via the gradual weakening proc-
ess aforementioned.

3.1.5. Variation Between People

In most of characteristics, tendencies, or preferences, including those mentioned above,
playing important roles in social networks, there may be variation between network
members. For instance, people vary in their capacity for friendship, in their preference for
homophily, in their capacities to tolerate any sort of imbalances, or in their attitude for
risks. So, we assumes network members may vary in all those underlying traits.

3.2. Process Model

Given the actor model, the process model provides a framework where network members
may form friendships with each other over time. The formation of primary friendships
proceeds randomly and serially, and the formation is instantaneous. This means they form
a friendship all at a sudden with a random strength one at a time. This is comparable to
the fact that the loss of friendship is somehow gradual, so that it happens through a num-
ber of weakening processes. We also assumes a close network, and we do not consider any
effects of spatial distribution of network members. It may be later implemented as a bias
for a particular spatial distribution, or as a bias for any sort of proximity.



4, Simulation and Implementation Detail

The entire dynamic model described above is implemented via computer simulation. The
network is represented as an undirected graph, where each node, or vertex, means a net-
work member, and each edge means a friendship tie, or a friendly associational tie. The
simulation consists of number of iterations, for which a pair of nodes—people—is selected
from the graph—friendship network—and they may form and/or drop an edge—a friend-
ship tie—given condition. Thus, the key to the simulation is how to encapsulate and op-
erationalize the actor and process models described above into the underlying graph and
graph algorithms.

Each friendship tie is represented as an edge, and it has a certain strength. It is the same
for both network members who own this particular friendship. The minimum strength, or
friendship threshold, is set arbitrarily. If the strength of a tie goes below the threshold, the
tie drops. Each network member has a fixed finite capacity for total tie strength, and in
general this capacity limits the member’s friendship formation. The friendship capacities
over the whole population are normally distributed with mean and standard deviation as
simulation parameters.

4.1. Simulation Framework

The simulation consists of an open-ended succession of iterations. For each iteration, two
network members without direct friendship tie are selected randomly, as well as their po-
tential strength of friendship is also chosen randomly. Then, we check a series of condi-
tions concerning the formation of a new friendship. If the formation is allowed, we form a
new friendship tie between two network members, and then scale all the friendship
strength of both members to make the total strength not exceed the friendship capacity. If
the strength of any friendship drops below the threshold, this friendship is removed. These
steps are performed at each iteration. Since there is a fixed capacity of the total friendship
strength, each network member is one of three states at a given time; 1) Satisfied: no more
friendship can be made unless exceeding the capacity is allowed; 2) Undersatisfied: an-
other friendship tie is possible without exceeding the capacity; and 3) Oversatisfied: the
capacity is already exceeded.

The pseudocode of the simulation algorithm is presented below.

Simulation framework
1. Open-ended succession of iterations
2. At each iteration
a. Two members without tie selected randomly
. Strength of the tie chosen randomly
Same grade homophily check
. General homophily check

o a0 o

If both are undersatisfied, or otherwise in the probability of fickleness (0 fickleness -> never back scale
nor drop)

i. Form a friendship

ii. Iftotal tie strength exceed one or both of capacities



1. Back scale in order for both members not to be oversatisfied
2. Drop the ties under the threshold

Same grade preference

1.
. Assign grade randomly

. Tie formed with the probability

. If two grades apart, the probability squared

(2B OV I )

Relative probability of intergrade associations

. Probability of 1 -> no bias toward same-grade associations

General homophily

1.

General similarity, which needs a metric to measure general distance

2. Order randomly and evenly all the members on a circle, and assign numbers from 1 to N
3.
4. Homophily parameter -> non-negative integer exponent to the distance

Dissimilarity -> the distance on the circle

a. 0: all the same distance for all pairs -> 1 -> no homophily
b. 1: dissimilarity -> actual distance
c. 2:dissimilarity -> distance squared
d. At the time of tie formation
i. select a random number in [1, max distance]
ii. If the random number < dissimilarity -> no tie formed

. Distance may be normal distributed, not uniform
. Bias based on threshold, not probability, or some categorial values
. One of two homophily in the samee simulation run

Transitivity bias

1.
2.
3.

Probability of secondary friendly associations
Secondary ties are dependent on the primary ties
At the end of a run

a. For the primary ties

b. Pick two candidates

c. Assign the tie randomly with the probability

Algorithm1. The simulation algorithm

4.2. Simulation Parameters

The parameters used to simulate the model is presented below.

Parameter Boys settings Girls settings
Network size n 457 463
Number of iterations 30,000 30,000
Number of networks (runs) 9 9
Friendship threshold 3 3
Friendship capacity—mean 8 13.5
Friendship capacity—std. dev. 5.5 4
Fickleness 0.2 0.6
General homophily bias 0 0
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Probability of relations with adjacent grade 0.2 0.1
Probability of secondary friendly association 0.3 0.5

Table 1. Simulation parameters.

4.3. Implementation Notes

All the model and simulation framework were implemented using MATLAB. main.m file
contains all the simulation routines. draw_*.m files contain the routines to draw samples
from particular probability distributions. clus_coef.m, mean_shared_adj.m,
mean_geodesic_dist.m, and degree_correlation.m contain the corresponding mode analy-
sis routines. For the model analysis, see Section 5. The MATLAB code requires Curve Fit-
ting Toolbox™ and Bioinformatics Toolbox™.
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5. Results and Analysis of the Model

5.1. Results

The simulation gives successful reproduction of the empirical measures, which are very
close to the empirical measurement. Furthermore, the simulation is stable and robust,
which means it converges to the equilibrium after enough iterations, even though there
are perturbations in parameters in a certain degree, and the results have small variances. It
gives consistent results for each runs, and the results are themselves reproducible. Here,
we give the results produced by the model we implemented.

Coleman  Whitmeyer’s Our Coleman  Whitmeyer’s Our
Measures Boys Simulated Boys Simulated Boys Girls Simulated Girls Simulated Girls
n 457 457 457 463 463 463
Degree distribution
Mean degree 1.520 1.489 1.372 2.354 2.413 2.712
Component size distribution
Log-log correlation -0.977 -0.987 -0.997 -0.974 -0.957 -0.901
Log-log slope a -1.287 -1.323 -1.483 -0.895 -0.910 -0.934
No. of components - - - - - 85
No. of isolates 133 123 133 55 42 42
No. of isolates (%) - - 64.0 - - 49.5
Mean component size - - 2.21 - - 5.52
Largest comp. size - - 39 - - 256
Largest comp. size (%) - - 8.5 - - 55.4
Clustering coefficients
cm 0.364 0.396 0.399 0.455 0.437 0.422
c® 0.224 0.208 0.193 0.372 0.404 0.391
C@)/Cw 68.743 - 63.980 65.636 - 66.781
Mean F 0.615 0.673 0.615 1.050 1.608 1.230
Geodesic distance
1 - 4.7 4.1 - 8.3 10.6
/1, - - 0.2 - - 1.7
Degree correlation
r 0.277 0.312 0.315 0.360 0.228 0.360

Table 2. Measures for Coleman networks (Ist and 4th columns), Whitmeyers simulated networks
(2nd and 5th columns), and our simulation results (3rd and 6th columns). => means no data avail-
able.

5.2. Model Analysis

Here, we describe the key measurement, compare the measurement between the empirical
Coleman networks and the simulated networks, analyze the simulated networks. The
readers who are interested in structural analysis of complex networks are referred to
[Newman 2003], which is an excellent introduction to the field. Many of definitions and
equations here are taken from it.
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5.2.1. Degree Distribution

The degree of a node, or a vertex, is the number of edges attached to the vertex. In the
friendship network, this means the number of friends a network member has. The mean
degree is the simplest measure that represents the degree distribution. The greater mean
degree, the denser or more clustered network, and the more likely a giant component ex-
ists. Boys and girls networks have very different mean degrees. There is no correlation be-
tween mean degree and network size as you see below.

More interesting measure is the degree distribution. For random networks, it is known
that degrees have a Poisson distribution. But it has been studied and turned out that many
real world networks have a power-law distribution of degrees. As may be seen in [Figure
1], however, Coleman networks have a Poisson distribution, and thus have no hubs, and
are not small worlds. That is because the networks are fixed in size, and network members
have a limited capacity in friendship.

Friendship Degree Distribution Friendship Degree Distribution

‘ = Simulation Result ‘ = Simulation Result

oasl - Poisson Distribution (A=1.37) 0.25 A ~— Poisson Distribution (:=2.71)

03[
T 0.2r

0.25F

o
o

02r

Proportion
Proportion

0151

o

0.1F
0.051

[ 1 2 3 4 5 6 7 8 [ 2 4 6 8 10 12
Degree Degree

Figure 1. Degree distribution of the simulated boys (left) and girls (right) networks. The plots of Pois-
son distribution with the same means are superimposed.

5.2.2. Component Size Distribution

A component in the graph theory means a maximally connected subgraph, which can be
easily sought using the depth-first search over the graph. Coleman networks show a
power-law distribution of component sizes. In the power-law distribution, the size of
components x and its frequency y have the following relationship;

y o X%,

where a < 0 is a constant. When it is plotted in logarithmic scales on both variable, this

relationship appears as a straight line, where the slope is the exponent a [Figure 2]. The
distribution of component size is binned with exponentially increasing bin sizes due to the
relatively small number of large components, and also to the log scale of the plot. Nor-
mally, the correlation between two variable shows a strong linearity (almost 1) as you see
in [Figure 2]. The straight line is fitted in the least square sense to estimate the slope,
which is negative here.
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A typical power-low distribution shows a fat tail, compared to a Poisson or an exponential
distribution. It can be characterized to have no natural scale, so networks having a power-
low distribution are called scale-free networks. They are not in equilibrium, are actually
growing, and are very likely to have hubs. Typical examples include the World Wide Web
and the Internet.

" Component Size Distribution N Component Size Distribution
10 T 10 T
+ Component Size Distribution + Component Size Distribution
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Figure 2. Component size distribution of the simulated boys (left) and girls (right) networks, which
show power-low distributions with different exponents. The straight lines fitted to the logarithms of
two variables are also shown together.

5.2.3. Clustering Coefficients

A clear deviation of a network from random networks can be measured in terms of the
property of network transitivity, sometimes also called clustering. See also Section 3 for the
definition of transitivity. In terms of network topology, transitivity means the presence of a
heightened number of triangles in the network—sets of three vertices each of which is
connected to each of the others.

Clustering coeflicients measure the transitivity of a network, and can be defined as

W = 3 X number of triangles in the network

number of connected triples of vertices’

where a connected triple means a single vertex with edges running to an unordered pair of
others. In other words, C(') measures the fraction of triples that have their third edge filled
in to complete the triangle [Newman 2003]. Alternatively, it can be defined as

1
cO==>C
l

where

_ number of triangles connected to vertex i
number of triples centered on vertex i

14



for vertices with degree higher than 1, and 0 otherwise [Watts and Strogatz 1998].

They are both normalized indicators of the transitivity, or the tendency in a network for
vertices linked to a given vertex to be linked themselves. In the language of friendship
network, it means the tendency for people who have a common friend to be friends them-
selves. C) and C@ both range from 0 to 1, with 0 indicating no clustering at all and 1 in-
dicating complete clustering.

The mean shared adjacencies (mean F) is a non-normalized measure, which is in friend-
ship terms the mean number of mutual friends of friends [Whitmeyer and Yeingst 2006].
In general, the more shared adjacencies, the more stable network.

Lastly, let C®) be the expected value of C®? for random networks. It can be defined as
C® = {mean degree} / n,

which varies inversely with network size. Then C®/C® is the ratio of the empirical values
of C® to the expected value of C®? for random networks with the same mean degree,
which in fact measures how far an empirical network deviates from a random network in
clustering.

Coleman networks show strong transitivity, which is about more than 60 times stronger
than a random network with the same mean degree does (C®?/C® values are 63.980 and
66.781 for simulated boys and girls networks, respectively). Girls networks are more clus-
tered than boys networks according to both clustering coeflicients, but they are clearly due
to the higher degree distribution of girls networks. Mean F is also higher in girls networks
(1.230 in girls, and 0.615 in boys), which is obvious, considering the higher mean degree
of girls networks.

5.2.4. Geodesic Distance

Mean geodesic distance [ is also called mean shortest distance. It is the mean over all pairs
of vertices of the minimum number of edges connecting the pair. It can be computed by

1
I= {# of pairs} . Z i

i, j€ same component

where dj; is the geodesic distance from vertex i to vertex j. Only the pairs of vertices be-
longing to the same component are considered, and the summation is normalized by the
number of pairs of vertices only contributing to the summation. Here, being different
from [Newman 2003, Whitmeyer and Yeingst 2006], the distance from each vertex to itself
is not included in the average, so that the average is of only the pairs which contribute to
the average. The geodesic distance between a pair of vertices can be computed using the
breadth-first search over the graph representing the network.

Mean geodesic distance tends to increase with increasing component size. The mean geo-
desic distance for random networks I, can be approximated as

15



l;=logn/logd,

where 7 is network size, and d is mean degree. The ratio of / to I, compares the value of [
for an empirical network with the predicted value I, for a comparable random network,
and hence can also be used as an indicator that shows how the network is deviated from
random networks.

Are Coleman networks small worlds? According to the simulation as well as the empirical
measurement, they are not. They consist of numerous small components (about 64% and
50% of network members are isolates in boys and girls networks, respectively), and there
is no giant component. Thus, in many cases a network member in one component is not
likely to be reachable from one in another. For girls networks, the largest component con-
sists of 55% of network members, but it is not enough to think them as having giant com-
ponents. Furthermore, / for the girls network already reaches a comparatively large value
(10.6), larger value than boys’ one (4.7), and even higher than one of random networks
(the ratio I/1,is 1.7).

5.2.5. Degree Correlation

Coleman networks show assortative mixing on their degrees, i.e., a preference for high-
degree vertices to attach to other high-degree vertices. In the language of friendship net-
work, a positive correlation means popular people tend to have popular people as friends,
and unpopular people tend to have unpopular people as friends. This assortativity, or dis-
assortativity on the opposite case, of a network can be represented by degree correlation,
which actually is the Pearson correlation coefficient r of the degrees at either ends of an
edge, and lies in the range between -1 and 1, including both boundaries.

r is zero for no assortative mixing, and positive or negative for assortative or disassortative
mixing, respectively. For Coleman networks, coefficients for boys and girls networks are
both positive, and the magnitude is slightly higher in girls networks (0.360 from both em-
pirical and simulated networks) than in boys networks (0.277 from the empirical network,
and 0.315 from the simulated one).

The Pearson correlation coefficient r for an observed network can be calculated as
1 . 1 1 .
I Z Jiki — lﬁ Z E(]i + ki)

r:
lel , o, [1we1.
MZE(Ji+ki)_[MZ§(]i+ki)
1 1

where M is the number of edges, and ji, ki are the degrees of the vertices at the ends of the
ith edge, with i = 1, ..., M [Newman 2002]. The expected correlation for a random network
is 0. It is known that there is no association between degree correlation and network size.

2

2°
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6. Discussions and Conclusion

In this paper, we analyzed a particular type of friendship networks of high school boys and
girls, which was studied by Coleman. Then, we presented a dynamic model proposed by
Whitmeyer and Yeingst to reproduce the empirical measurements of Coleman networks.
We implemented this model using MATLAB and conducted computer simulations. Fi-
nally, we analyzed the simulation results, and examined them thoroughly to see whether
the model does indeed reproduce the real world networks.

The simulation results suggest that the dynamic model simulating the network entities and
the process carried on them produces the key structural characteristics of Coleman net-
works.

However, the model makes several assumptions which may over-simplify the real world
condition. For instance, it assumes serial and instantaneous friendship formations, which
may not be appropriate since in real world it takes time to form a new friendship and this
period time consequently overlaps other friendship formation period. On the other hand,
the model assumes the gradual loss of friendship, which is comparable to the formation
process.

Secondly, it ignores any effects of spatial proximity. People may tend to spend more time
with their friends spatially closer to them, and the friendship between people who are far
away from each other is more likely to be quickly weakened along the same amount of
time. This may provide a new type of homophily bias or assortativity. Although, the ho-
mophily bias does not influence much on the structure of the network, we may incorpo-
rate homophily in order to perform more sophisticated simulation providing closer look
to the individual member’s behaviour. Thus, we may be able to further understand the dy-
namics of this type of social networks. In the similar sense, the model does not deal with
the characteristics and influence to the whole network of the individual network mem-
bers.

Lastly, we fail to give a good method to fit the model to the empirical structural character-
istics. We archived it by adjusting model parameters manually and empirically. For some
parameters, their appropriate value or distribution were not clear, and their change pro-
duce drastic changes in the simulation results. For instance, we could observe that the re-
sult varies with the distribution from which the random tie strength of friendship is
drawn. We did not identify all of their influences over the simulations. On the other hand,
some parameters do not make any meaningful changes on the results. A good fitting
method will generate a better model, and give a better understanding of the model.

Any improvement to those limitations will be a good candidate for future works. Also,
good visualization will make the simulation results more comprehensible and understand-
able, so as to be also crucial points to the simulation.
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