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Drunkard’s Walk
The drunkard takes a series of steps away fromThe drunkard takes a series of steps away from 
the lamp post, each with a random angle.
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(Figure Resource: Sethna JP, 2006)



Random Walk and Diffusion Equation
Consider a general uncorrelated random walk where atConsider a general, uncorrelated random walk where at 

each time step      the particle’s position       changes by tΔ )(tx
a step       :

).()()( tltxttx +=Δ+
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The probability distribution for each step is       , which 

).()()( tltxttx +Δ+
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has zero mean and standard deviation   .α
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For the particle to go from at time to at time'x t x tt Δ+For the particle to go from      at time    to    at time         , 

the step                  . Such event occurs with probability
'x t x tt Δ+

')( xxtl −=

times the probability density           . Therefore, 

we have
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The Micro-Macro Link
Use Taylor expansion we haveUse Taylor expansion, we have
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The following is the diffusion equation
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The Continuous Assumption

Resources: Google
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From discreet to continuous space

Cellular automaton (CA)

Continuous simulationContinuous simulation
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Modelling agent’s motion in a continuous 
spacep

Agents are characterized by

Their position

- X (m)
Y ( )

Vy
- Y (m)

Their velocity

Vx (m/s)

y

- Vx (m/s)
- Vy (m/s)

xx
Vx
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Modelling agent’s motion in a continuous 
spacep

Next position after 1 second 

is given by:

x(t+1) = x(t) + Vx(t) Vy Time  t+1

y(t+1) = y(t) + Vy(t)
y

Time  t

xx
Vx
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Modelling agent’s motion in a continuous 
spacep

Time step dt is often different 

from 1:

Vy
Time  t+dt 
dt>1

x(t+dt) = x(t) + dt*Vx(t) 

y(t+dt) = y(t) + dt*Vy(t)

y
Time  t

Time  t+dt 
dt<1

y(t+dt) = y(t) + dt*Vy(t)

xx
Vx
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Modelling agent’s motion in a continuous 
spacep

The velocity is also updated in 

time.
y

xx
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Modelling agent’s motion in a continuous 
spacep

The velocity changes as a result 

of inter-individual interactions

Repulsionp

Attraction

Examples: atoms, planets, 

pedestrians animals swarmspedestrians, animals swarms…
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Modelling agent’s motion in a continuous 
spacep

The changes of velocity vector is 

defined by an acceleration. 
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Modelling agent’s motion in a continuous 
spacep

The velocity changes as a result 

of interactions with the 

environmentenvironment

Repulsion

AttractionAttraction

Examples: bacteria, ants, 

pedestrian trails …
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Modelling agent’s motion in a continuous 
spacep

The velocity changes as a result 

of a random process

With or without bias

Examples: exploration behaviourExamples: exploration behaviour 

in many species of animals
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Modelling agent’s motion in a continuous 
spacep

How to define a random move?

Choose a random angle in a 

normal distribution

Rotate the velocity by this angle

In Matlab: Variance=1

newAngle = randn()
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Mean=0



Modelling agent’s motion in a continuous 
spacep

How to define a random move?

Choose a random angle in a 

normal distribution

Rotate the velocity by this angle

In Matlab:

meanVal=2;

v=0.1;
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newAngle = meanVal + v*randn()



Modelling agent’s motion in a continuous 
spacep

How to define a BIASED random 

move?

Unbalance the distribution 

toward positive or negative 

values

In Matlab:

meanVal=2;

v=0.1;
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newAngle = meanVal + v*randn()



Programming the simulator

X =  [1 1 3 ];
Y =  [2 1 1];
Vx = [0 0 0.1];

Initialization: Four 

elements are required to [ ]
Vy = [1 1 0.5];

For t=1:dt:T

define the state of 

individuals
For t=1:dt:T

For p=1:NThe velocity is updated 

fi t d th th [Vx(p) Vy(p)] = update( …) ;

X(p) = X(p) + dt*Vx(p) ; 
Y(p) = Y(p) + dt*Vy(p) ;

first, and then the 

position as a function of 

the velocity and the time Y(p)  Y(p) + dt Vy(p) ;

end
end

the velocity and the time 

step
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Brownian Motion
%Brownian Motion%Brownian Motion
t = 100;n = 1000;dt=t/n;
x = zeros(1,n);y = zeros(1,n);
dx = zeros(1 n);dy = zeros(1 n);dx = zeros(1,n);dy = zeros(1,n);
x(1) = 0;y(1) = 0;
hold on;
k 1k = 1;
for j=2:n

x(j) = x(j-1) + sqrt(dt)*randn;
y(j) = y(j-1) + sqrt(dt)*randn;
plot([x(j-1),x(j)],[y(j-1),y(j)]);
M(k) = getframe;( ) g ;
k = k + 1;

end

2010-12-04 W. Yu / yuwen@ethz.ch 2121



Pedestrian Simulation
CA d lCA model

Many-particle model
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CA Model (A. Kirchner, A. Schadschneider, Phys. A, 2002)
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Many-particle Model (Helbing, Nature, 2000)

D i d l iDesired velocity
Repulsive force
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