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1 Random graphs: the Erdös-Rényi model

1.1 Binomial distributions

In this model we consider N nodes, any pair of nodes being linked with a
probability p. Compute the probability of a node having a degree k, Pk.

1.2 Poisson distribution

For a large number of nodes (N →∞, p → 0, Np = λ) calculate the resulting
distribution.

1.3 Alternative derivation of the Poisson distribution

Imagine the problem as a collection of t balls to be introduced one at each
time step in N boxes. Then the probability that in one of this boxes there
are k balls at time t + 1 is

Pk,t+1 = Pk,t +
1

N
Pk−1,t − 1

N
Pk,t.

The first term in the right-hand side is the probability that there are k balls
at time t. The other two terms account for the probability that there are
k − 1 balls times the probability that the next ball is introduced in the box
(1/N), and the probability that there are exactly k balls and the box is
chosen for next ball. For a large enough time one can consider the time as
continuous and then write a differential equation for Pk(t). Write down this
set of coupled equations and solve them. Take it into account the initial
conditions and the special case of k = 0.
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1.4 Barabasi-Albert model: degree distribution

Similarly to the previous case. Consider Pk,t as the probability that at time
t there are k links at a given node. Then the number of nodes with degree k
at time t + 1 is

(t + 1)Pk,t+1 = tPk,t +
k − 1

2mt
mtPk−1,t − k

2mt
mtPk,t + δk,m

Which is the number of nodes with degree k at time t plus the number of
nodes with degree k − 1 which is tp(k − 1, t) times the probability that this
node gets a new preferential connection k−1

2mt
times the number of added links

m, minus a similar term for the number of nodes lost if they get a new
connection. The last term accounts for the fact that at each time step we
add a node with m links.

For large enough t you can obtain the differential equation in the contin-
uous time limit. In the stationary state (discuss this limit from the previous
equation) one gets

Pk =
1

2
[(k − 1)Pk−1 − kPk] + δk,m. (1)

Now we introduce the generating function

φ(x) ≡
∞∑

k=0

xkPk.

Multiplying all the terms in (1) by xk and summing up we can relate the
sums with derivatives of the generating function.

Obtain finally the differential equation that satisfies the generating func-
tion

x(1− x)

2

dφ

dx
+ φ = xm

whose general solution is

φ(x) =
(x− 1)2

(2 + m)x2

{
(2 + m)C + 2x2+m

2F1(2 + m, 3, 3 + m,x)
}

Since we need a solution that is analytic at x = 0 the constant C must be
equal to 0. Look for the Taylor expansion of the hypergeometric function
and find the power expansion of the generating function. Then you can
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identify this expansion with the coefficients of the expansion of the generating
function in terms of the probability to get

Pk =
2m(m + 1)

k(k + 1)(k + 2)
.

2 Simulation of the social distance model

Consider the model described in the reference Phys. Rev. E 70, 056122
(2004). Nodes can decide to make links with other nodes that they feel
close to, this model is based in the idea of a ”social distance”. Construct
a network according to these rules in the simplest case. The social space is
a single segment h ∈ [0, hmax] and then the distance between two nodes is
simply

d(hi, hj) = |hi − hj|.
Then the probability that two nodes i, j establish one link is

pi,j =
1

1 +
( |hi−hj |

b

)α

where b is related to the average degree according to

< k >=
2δbπ

α sin π/α

and δ is the density in the social space δ = N/hmax.
Construct a network according to these rules for different values of the ho-

mophily parameter α keeping constant the average degree. Plot the resulting
degree distributions.
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